1. Introduction (M n , g) is a closed Riemannian manifold,
To which extent are the geometry and topology of a Riemannian manifold determined by the eigenvalue spectrum of its Laplacian?
M. Kac [1966] : Can one hear the shape of a drum?
Osgood-Philips-Sarnak [1988] : a Riemannian manifold is said to be audible, if it is determined by its spectrum uniquely up to an isometry.
Finiteness and compactness results. Finiteness conjecture
McKean [1974] : Within the class of two-dimensional Riemannian manifolds of constant negative Gaussian curvature, every isospectral family is finite if isometric surfaces are identified.
Osgood-Philips-Sarnak [1988] : Every isospectral set of metrics on a two-dimensional manifold is precompact in the C ∞ -topology if isometric metrics are identified.
A similar compactness theorem for negatively curved 3-manifolds is proved by Brooks-Perry-Petersen [1992] . 4. Solenoidal tensor fields While investigating the local audibility of a metric g, one has first of all to eliminate metrics that are isometric and close to g but do not coincide with g. Note that there are very many such metrics. Indeed, if a diffeomorphism ϕ : M → M is close to the identity then the metric g = ϕ * g is isometric to g and close to it.
Given a Riemannian manifold (M, g), let C ∞ (S 2 τ M ) be the space of smooth symmetric rank two covariant tensor fields on M . The divergence δ g :
where ∇ is the covariant derivative of the metric g. A tensor field f is said to be solenoidal if δ g f = 0. The abovementioned elimination of "unnecessary" metrics is implemented with the help of the following
be such that there exists at least one geodesic that is dense in the sphere bundle (this is true for a negatively curved manifold). For every k ≥ 2 and 0 < α < 1, there exists a neighborhood V ⊂ C k,α (S 2 τ M ) of the metric g such that, for every metric g ∈ V , there exists a diffeomorphism ϕ of the manifold M onto itself such that the tensor field ϕ * g is solenoidal in the metric g, i.e., δ g (ϕ * g ) = 0. Moreover, the diffeomorphism ϕ can be chosen to be C k,α -close to the identity and ϕ is uniquely determined by the latter condition.
In virtue of the lemma, Definition 2 takes the following equivalent form. 
The latter statement is proved for negatively curved metrics if the sequence g k → g is replaced with with a smooth one-parameter family g t (−ε < t < ε, g 0 = g), as is presented on the next slide. (1) Every free homotopic class contains a unique closed geodesic. The geodesic minimized the energy functional in its homotopic class.
Spectral rigidity
(2) If eigenvalue spectra of two manifolds coincide, then their length spectra coincide too.
(3) If a solenoidal tensor field integrates to zero over every closed geodesic, then it is identical zero.
Let (M, g) be a Riemannian manifold of negative sectional curvature and g m (m = 1, 2, . . . ) be a sequence of Riemannian metrics on M converging to g in the C ∞ -topology. Assume every g m to be isospectral to the metric g and solenoidal, i.e., δ g g m = 0. In virtue of Proposition 5, we have to prove that g m coincides with g starting with some m 0 . We assume this false and try to get a contradiction. Passing to a subsequence, we can assume the tensor field f m = g m − g to be not identically equal to zero for every n. Let γ be a closed geodesic of the metric g and γ m be the closed geodesic of the metric g m in the same free homotopy class as γ. Then γ m converges uniformly to γ as n → ∞. Since γ m minimizes the energy functional E g m in its homotopy class, we can write
The last equality of the chain holds for a sufficiently large m since the metrics g m and g have coincident length spectra.
Thus, for every closed geodesic γ of the metric g, for every closed geodesic γ of the metric g. Of course, F is a solenoidal tensor field. By Theorem 8, F ≡ 0. This contradicts to the equality
The problem is thus reduced to the question: does the sequence F m contain a subsequence converging in H k ? Since the embedding H k+1 ⊂ H k is compact, it suffices to prove the boundedness of the sequence F m in the H k+1 -norm, F m H k+1 ≤ C. This means in terms of the sequence g m that
Compactness estimates like (5) be the set of all differences g − g, where a metric g is isospectral to g and satisfies δ g g = 0.
Roughly speaking, estimate (5) means that [g]∩V is a finite-dimensional set for a sufficiently small neighborhood of the origin (5) holds since any two norms on W are equivalent.
7. Deriving a compactness estimate from heat invariants for a constant curvature metric Let (M, g) be a Riemannian manifold and let f ∈ C ∞ (S 2 τ M ) be a sufficiently small solenoidal tensor field. Assume the metrics g and g + f to be isospectral. Then, first of all, their volumes coincide. Equating the volumes, we obtain the estimate
Next, we equate heat invariants
We use the following representation of heat invariants Gilkey [1989] : for k ≥ 1,
where
. It is a homogeneous polynomial of degree 2k + 2 in ∇ and R if the degree of homogeneity of ∇ is assumed to be equal to one and the degree of homogeneity of R, to two. We expand the left-hand side of (7) into Tailor series in f and obtain with the help of Gilkey's representation
with some constant c k > 0, where P k (R, f ) is a power series in the curvature tensor R and tensor f and their covariant derivatives up to order k. We distinguish linear in f terms in P k (R, f )
, and the series P k (R, f ) does not contain linear in f terms. For a sufficiently small f , the latter series admits the estimate
and we obtain from (8)
In the above arguments, we have used only a finite subsystem of the system F k (f ) ≡ a k+1 (M, g+f )−a k+1 (M, g) = 0 (k = 1, 2, . . . ). (14) Can the infinite system (14) be used for deriving a compactness estimate?
As we have seen, there is no problem if the gradients F k (0) (k = 1, 2, . . . ) are linearly dependent. So, let us assume the gradients to be linearly independent. In such a case, solutions of any finite subsystem of (14) constitute locally (in a neighborhood of the origin) a submanifold in C ∞ (S 2 τ M ). Is the same true for the infinite system (14)?
Problem 11 Does the linear independence of gradients F k (0) (k = 1, 2, . . . ) imply that solutions to system (14) constitute locally (in a neighborhood of the origin) a smooth submanifold in the Frechét space C ∞ (S 2 τ M )?
